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The local dynamics of macromolecules is obtained to second-order in the mode-coupling 
expansion of the Smoluchowski diffusion theory. The NMR spin-lattice relaxation times of 
different I3C or "N nuclei along the chains are calculated and compared to experimental data 
from the literature. The macromolecules are considered as fluctuating 3D structures undergo- 
ing rotational diffusion. The fluctuations can be evaluated with any technique for sampling the 
configurational space. In the presented test cases Molecular Dynamics simulations have been 
applied to a DNA fragment and to the NK-2 homeodomain. In the case of the double-stranded 
DNA fragment d(TpCpGpCpG)*, second and even first order theories are found to be in close 
agreement with experimental results. The major advantage of the diffusion technique is that 
only a good statistics is important as input while the solvent dynamic effects enter through 
hydrodynamic theory. Application based on Hybrid Monte Carlo schemes coupled with J- 
walking, are now in progress. 

Keywords: Diffusive dynamics; biological macromolecules 

1. INTRODUCTION 

In recent years, increasing attention has been devoted to the study of the 
macromolecules local dynamics. Such big molecules permit different 
domains, of different mobility, to be on the same units. These local 
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308 S. FAUSTI et al. 

flexibilities may play a significant role in most of biological processes 
(Le., molecular recognition). Experimentally, spin-lattice 13C-NMR relaxa- 
tion data are currently analysed using empirical methods such as the popu- 
lar Lipari and Szabo equation (Lipari, 1984) to investigate local dynamics. 

The approach, we are now going to explain, can be also a new method 
to analyse NMR data, but is principally a self-standing theory that can be 
later constructively compared with the experiments. Starting from the 
Smoluchowski equation describing the time evolution of the atomic co- 
ordinate diffusing in an empirical intramolecular potential, we find solu- 
tions with different approximations. 

The diffusion theory initially ignores the memory functions, producing 
the optimized Rouse-Zimm approximation (Bixon, 1978); by means of a 
mode-coupling approach the memory function effects are evaluated for 
one-dimensional systems without hydrodynamic interactions (Perico, 1993; 
Perico, 1994). Recently the above approach has been extended to multi- 
dimensional systems with hydrodynamic interactions, as necessary for 
complex molecules (Perico, 1997). In this framework the dynamics of stiff 
synthetic and biological macromolecules, such as proteins and DNA double 
helices, may be described as the diffusion of fluctuating three-dimensional 
structures (Perico, 1995). For these systems the rotational dynamics of the 
rigid three-dimensional structure represent a first natural model approxima- 
tion and also the main contribution to the local dynamics of the fluctuating 
chain. Taking the fluctuations into account by averaging over a statistics 
of conformations (Le., a MD trajectory), we collect inputs for the pro- 
posed theory (La Penna, 1999). 

We discuss here some recent applications for proteins (NK-2 homeo- 
domain (La Penna, 1999*)) and oligonucleotides, in particular the DNA- 
fragment d(TpCpGpCpG)2 (Fausti, 1999) is considered because NMR data 
are available from the literature (Borer, 1994). 

2. THE MODE-COUPLING EXPANSION SOLUTION 
OF SMOLUCHOWSKI DYNAMICS 

Here we summarize the mode-coupling diffusion approach to dynamics in 
polymer solutions (Perico, 1997; La Penna, 1999). Given a polymer of N,  
beads with friction coefficients Ci and coordinates ri, i = 1,. . . , N,, the 
dynamics of bond vectors connecting two beads, lj,j = 1, .  . . , Nb, is governed 
by the Smoluchowski operator L, the adjoint operator to the diffusion 
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operator D ,  such that 

d 
-1 = L1 
dt 

where 

309 

and 1 is the 3Nb-dimensional array with the coordinates of the bond 
vectors. 

Here the diffusion tensor is given by 

(3) D.. - D.H.. y -  I IJ 

The D operator is, therefore, defined in terms of the factors Di and H,: 

where H and T represent the hydrodynamic interaction matrix and Oseen 
tensor, respectively, and 

Di = kBT/[i ( 6 )  

where Di is the diffusion coefficient of bead i. U is the intramolecular 
potential, and 77 is the solvent viscosity. 

The factor <;/cr before the hydrodynamic interaction is a parameter 
whose values are restricted to the range 0 < c; < 0.6 to maintain a positive 
definite H. In the case of the DNA oligomer we fix c; at the standard val- 
ue 0.25 (Perico, 1975), while in other cases, for instance the NK-2 homeo- 
domain, different values have been tested with different representations of 
hydrodynamics ( i e . ,  Rotne and Prager form). The meaning of the above 
parameters is here summarised: 

c r  = 5 / 6 4 ,  (7) 

c being the average friction coefficient 
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310 S. FAUSTI et al. 

and 1 the root mean square bond length 

By expanding the conditional probability (solution of the Smoluchowski 
equation) in a complete set of eigenfunctions of L, the time autocorrela- 
tion function (TCF) of any dynamic variable with zero average f ( l )  may 
be expressed in the standard form 

(f(t)f(o)) = C V W i )  (2Cli If) exp(-Xit) 1 ( 10) 
i 

where A; and T/& are the eigenvalues and the normalized eigenfunctions of 
the operator L 

L$i = -Xi?+!+ (11) 

The matrix expansion method for the calculation of the TCF ( f ( t ) f ( O ) )  
requires solution of the eigenvalue problem in Eq. (11) by expanding +i 
in a set of basis functions @ = {4,, m = 1,. . . , M } ,  

m= 1 

thus converting Eq. (1 1) into the generalized matrix eigenvalue equation 

FC = SCA, (13) 

with A the diagonal matrix of the eigenvalues A,, C the eigenvector matrix 
of coefficients Ci,m, S the metric matrix 

and F the equilibrium force matrix 

The ensemble equilibrium averages, indicated within brackets in the 
above equations, are calculated as 
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DIFFUSIVE DYNAMICS OF MACROMOLECULE 311 

with Peq(r) being the equilibrium distribution function. As the eigenfunc- 
tions $+ are orthonormalized, the coefficient matrix C should satisfy the 
normalization equation 

CTSC = 1. (17) 

Given a basis set, the dynamics are derived by solving Eq. (13). Note that 
in the general case of a fluctuating molecule, the matrix S is non-singular 
and Eq. (13) is solved as 

c 

S ' F C  = CA, (18) 

while in the case of a rigid structure, S is highly singular and the dynamics 
problem may still be solved by inverting Eq. (13) to 

which has the same eigenvectors and inverse eigenvalues. 
Accurate approximations of the evaluation of TCFs are obtained by 

considering increasing powers of the variables (bond vectors or their 
combinations) in the spirit of the mode-coupling theory (La Penna, 1999; 
Kostov, 1997; Perico, 1997). 

Autocorrelation functions obtainable, for instance, by dielectric, fluores- 
cence, Raman and Nuclear Magnetic Resonance experiments are of the 
form: 

where PL is the Legendre polynomial of order L, P is the angle that a given 
vector spans in the time t ,  and the average is over all the possible choices 
of time origins (i.e., over the equilibrium distribution of orientations) and 
over the equivalent vectors in the sample. The functions DM,N(L) are Wigner 
matrix elements and DM,JL) are irreducible spherical tensors (Rose, 1957). 

As f is an L-rank irreducible spherical function of a molecular vector, 
the projections (flq5m) on the basis elements q5m required in Eq. (10) are 
non-zero if and only if q5m is an L-rank function. Therefore, the q5,,, basis 
functions must be constructed as L-rank functions. As a consequence, the 
S and F matrix elements are averages of products of L-rank irreducible 
spherical tensors. The evaluation of these elements is done simply by com- 
puting the scalar components (rotational invariants) contained in the prod- 
ucts of L-rank functions in the matrix elements (La Penna, 1999). 
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312 S. FAUSTI et al. 

We outline below an efficient procedure for finding a reduced basis set 
to compute accurate tensor time correlation functions; this is derived by 
extension of a similar calculation performed in the case of rigid 3D struc- 
tures (La Penna, 1999). The first step amounts to solving the diffusion 
equation with a basis that is linear in the bonds in order to get the first 
order P I  dynamics: 

This basis can be used to derive the TCF * 

and in turn, through an analytic relation, the first order ORZLD solution 
to Py’(t) (Perico, 1985), which will be used in Section 5. 

The first order solution is obtained by diagonalization of Eq. (l8), which 
gives the first order PI eigenfunctions 

These eigenfunctions may be considered as a new basis set equivalent to 
the bond basis set in Eq. (21), giving identical results for the eigenvalues, 
which are the mode relaxation rates, and for TCFs. 

For a rigid structure in d dimensions, only d eigenvalues are non-infinite, 
and the TCF in Eq. (22) has only d exponential contributions. The full 
mode basis set of Nb elements in Eq. (23) can be substituted with a reduced 
first order P1 basis set of only d elements, the modes corresponding to 
non-infinite relaxation rates. In the case of fluctuating rigid structures, the 
first d modes of lower relaxation rate correspond to eigenvalues clearly 
separated from the rates of the higher modes (which are found to be greater 
than two orders of magnitude). Therefore we can select a reduced basis 
set, generally built with the e modes of Eq. (23) of lowest rates, with e 
equal to d or a value much lower than Nb. 

For quasi-rigid structures, ignoring the modes of higher rates means 
ignoring very small contributions to the TCFs corresponding to fast de- 
caying exponential terms related to these modes. This is evident at the 
first order and is still valid at higher orders due to the combined effect of 
the products of fast decaying exponential terms. 
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DIFFUSIVE DYNAMICS OF MACROMOLECULE 313 

For 2-rank functions, a reduced first order basis set can be taken in the 
form: 

@j2) = { #g} (RM2 - I) 

where 

This is the reduced first order basis set for the P2 dynamics, and the 
functions are second powers of the reduced first order P1 modes. The re- 
duced second order basis set for 2-rank TCFs is built by adding to the 
first order basis set in Eq. (24) products of the first order basis functions 
and scalar functions of the vector modes: 

(RM2 - 

where 

i l = l  ,..., e; i l I i 2 ;  i 3 = 1 ,  . . .  , e ;  i 3 5 i 4  
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314 S. FAUSTI et al. 

Note that, for simplicity’s sake, the same notation has been used for first 
and second order mode-coupling functions. 

These fourth powers in the PI modes (and in turn in the bonds) give 
new basis functions that display the same 2-rank properties as Eq. (24). 
The resulting basis set in the basic choice e = d = 3 for a fluctuating 3D 
structure has 3 x 2 + ( 3  x 2) x (3 x 2) = 42 elements. As observed else- 
where (La Penna, 1999; Perico, 1997), that this second order basis set 
RM2-I1 is expected to represent a good approximation of the dynamics of 
fluctuating structure because it gives the ‘exact’ rotational dynamics in 
the rigid limit. 

Given the second rank P2TCFs, the I3C-nmr TI  relaxation times can be 
calculated using the standard equations (Abragam, 1986): 

where 

IZ is the number of equivalent protons connected to each observed carbon, 
y are the gyromagnetic ratios, rcH is the carbon-proton distance and 6 
is the chemical shift anisotropy (dimensionless) of the observed nucleus. 
The first three contributions to the longitudinal relaxation come from the 
dipolar mechanism, and are present for all the observed nuclei with bond- 
ed hydrogen atoms, while the fourth contribution comes from the chemi- 
cal shift anisotropy fluctuation and will be considered for the aromatic 
carbons only (C6 in Tymine and Cytosine, C8 in Guanine), with 6 = 

185 ppm. The same equations can be applied to the study of 15N relaxation 
with C replaced by N (6= 160ppm). 

3. MODELLING A MACROMOLECULE 

The first step in the mode-coupling diffusion dynamics is the choice of 
bond variables, the related beads and bead friction coefficients. Different 
variables can be chosen and their effects on the local dynamics are analysed 
with the purpose of reducing the number of variables and limiting the 
computational cost. 
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DIFFUSIVE DYNAMICS OF MACROMOLECULE 315 

When possible, we start to consider a “quasi atomistic” model: each 
aliphatic (C, CH, CH2 and CH3), carbonyl (C=O) ,  heterocyclic 
N(=N- or -NH-), amino (-NH-,-NH2), hydroxyl (OH), ether 
or esteric 0 and PO2 group is represented as a single bead (see the most 
detailed model, named side-chain or SC in the next section, for the DNA 
fragment). By means of structural considerations we group together the 
previous beads to build a rougher model, for example rigid domains 
are straightforward represented as single beads. Also the spherical form 
of the constructed bead is taken into account as a nice factor. 

After building the geometrical model, we have to assign a friction coef- 
ficient to every bead in the chain: we decide to use stick boundary condition 
as derived from literature (Kostov, 1993). The Stokes radii a, that are the 
radii of a sphere with the same surface of the bead, can be calculated 
by means of two different approach. The first one is the method of the Van 
der Waals increments, that has been already used from some authors 
(Hu, 1991), the second ones works computing the Accessible Surface Area 
(ASA) of the bead (Gaudio, 1992). 

In the cases here reported we have measured ASA Surfaces for an ideal 
probe of zero radius, so that comparisons were possible between models 
of different detail. We have not seen relevant differences in the local dy- 
namics of different segments using more than four beads per nucleotide in 
the DNA case. Superpositions of neighbor atoms are taken into account, 
the smaller accessible surface reducing proportionally the friction coeffi- 
cient for an  important factor. 

The bead friction coefficients of the less detailed models are computed by 
summing the squares of the friction coefficients over the constituent sub- 
units of that bead and then taking the root square of this number (Zimm 
method (Kostov, 1993)). 

In all the DNA models, the bonds chosen as the first order basis set must 
exclude one of the bonds in the rings (sugar or base) in order to keep F 
non-singular, but a virtual bond should be present connecting the two 
strands in order to maintain the agreement between the exact solution and 
the second order approximated solution for a rigid body: we have always 
chosen a bond connecting the closest beads in the C2-Gl0 base pair. This 
bond is not included in the calculation of the hydrodynamic strength. 

Results here reported consider the most detailed model (SC) for the 
DNA fragment and a virtual bond model for the NK-2 homeodomain, 
the last one obtained collecting all the beads from SC model for every 
residue. 
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316 S. FAUSTI et al. 

4. MOLECULAR STATISTICS 

Every method able to sample the statistics of macromolecules in condensed 
phases can be applied in the calculation of the averages needed to solve the 
diffusion equation. Molecular Dynamics simulation is particularly suitable 
for biological molecules in explicit water because the structural effects of 
water and the high cooperativity between bonds requires the computation 
of forces and deterministic time evolution of atom positions (Frenkel, 
1996). Other techniques are based on the construction of energy maps 
(Mattice, 1994) and Monte Carlo methods. Among the latter algorithms, the 
Hybrid Monte Carlo (HMC) algorithm (Duane, 1987) is expected to be 
suitable for biological molecules since it keeps the advantages of MD and it 
allows the coupling of thermal MD configurational movements with con- 
figurational jumps (J-walking) (Zhou, 1997). 

The results reported here are related to application of MD simulations, 
using the ORAC 3.0 program (Procacci, 1996) and the AMBER 4.1 force- 
field (Cornell, 1995). In the table are summarised the most important 
aspects of such simulation in the NVE ensemble for the DNA oligomer. 
During the acquisition a NVT ensemble can be sampled using a NosC- 
Hoover thermostat. This has been done for the NK-2 homeodomain simu- 
lation. The MD setup and equilibration is similar for the two systems. 
The deterministic time evolution contained in the MD trajectory is never 
used in the diffusive method. 

The trajectories, generated using this protocol applied to DNA oligomers 
in 8 canonical forms or to small proteins like the three-helix bundle NK-2 
homeodomain, describe the statistical fluctuation of the molecules about 
given tertiary motives. Occasional slow conformational transitions occur 
within the ns time window, but they are not sampled properly to give their 
real influence onto the statistics. This information emerges from the ana- 
lysis of averages and fluctuations of geometrical and order parameters 
(dihedral angles, mutual orientations). Therefore, through the diffusive 
equation we study the orientational dynamics of bonds (C-H or N-H, 
those involved in NMR relaxivities) as it is extracted by the statistics of 
stiff macromolecules fluctuating around defined structures. 

5. RESULTS 

We have applied the ORZLD and RM2-11 approximation to the solution 
of the diffusion equation in order to compute the 13C and 15N nmr TI 
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DIFFUSIVE DYNAMICS OF MACROMOLECULE 317 

relaxation parameters respectively for the DNA d(TpCpGpCpG)2 oligomer 
(Fausti, 1999) and the NK-2 homeodomain (La Penna, 1999; La Penna, 
1999*), and compare them to experimental data (Borer, 1994; Gruschus, 
1997). 

5.1. DNA 

In Figures 1, 2 and 3 we compare second order RM2-I1 (e = 4) and first 
order ORZLD T I ,  for the model with finer beads, to the experimental data 
for v(’H) equal to 250, 360 and 500MHz respectively. The agreement is 
very good especially in the high frequency case. Even the ORZLD approxi- 
mation gives good results considering the simplicity of the model. The low 
values for the C6 and C8 carbons are mainly due to the effect of chemical 
shift anisotropy even if they always show the larger correlation time with- 
in each nucleotide. The C5’ carbons show the highest mobility and the high- 
est relaxation times that are related to the low correlation times. The carbon 
on the sugar rings show an intermediate range of relaxation parameters 
within each nucleotide, thus not allowing a discrimination between different 
atoms in the sugar ring. As expected T1 and T6 are more affected by fast 
motions since they are not stacked in base pairs, but on the other hand 
there are slow conformational transitions that are not completely sam- 
pled. Therefore, the agreement between computed and experimental results 
is better in the stiffer regions of the macromolecule. The same effects have 
been observed for proteins in the terminal regions or in the disordered loops 
(see later). 

It is interesting to study the effect of the introduction of modes in the 
RM2-I1 approximations. In Figure 4 we show the comparison between 
the results obtained with e = 3, 4 and 5 at the highest frequency. The con- 
vergence seems to be good, even if the worth use of larger value for e is 
limited by the matrices diagonalisation. The application of a sorting pro- 
cedure to limit the matrix dimensions is in progress. 

5.2. NK-2 

As far as the NK-2 homeodomain 15N TI pattern is concerned, the dif- 
fusive method well describes the data of the lower frequency (v(’H) = 

360MHz) (Fig. 5 ,  top). The agreement is better in the most rigid portion 
of the macromolecule (helix I), while, again, the spots in the calculated pat- 
tern are due to incomplete sampling of the conformational transitions in 
the flexible portion of the chain (head and tail, not structured in a helices). 
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FIGURE 5 NK-2 I5N relaxation times TI of amide N nuclei in the backbone at v('H) = 
360MHz (top) and v('H) = 600MHz (bottom) using the "virtual bond" bead model (one 
bead for each residue): experimental data (points with solid line); RM2-I1 (e = 3) approxi- 
mation (dashed line); biexponential approximation for the P2 time correlation function, with 
the fastest rates scaled by the factor 1/50 (dotted line). 
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DIFFUSIVE DYNAMICS OF MACROMOLECULE 323 

The experimental relaxation data at higher frequency (v(’H) = 600 MHz) 
(Fig. 5, bottom) show an interesting feature due to the larger effects of 
the local dynamics in the flexible regions. The well in the 5- 15 residues re- 
gion, for instance, is not shown by the calculated RMZII approximation 
(dashed line) that contains most of the rotational information (already 
present in the lower frequency case) in the relaxation. What is interesting is 
that the fluctuations of these terminal regions are not localised on single 
residues, but they are spread along at least ten residues. The relaxation 
modes responsible of such “well effect” at high frequency can be represent- 
ed just scaling the faster “non rotational” rates, for instance by a factor 
1/50 (dotted lines). This scaling makes the collective internal fluctuations 
of the terminal regions more efficient in the modification of the relaxation 
pattern at high frequency, something that is observed experimentally. This 
scaling correction shows that even if coupling the modes with lower rates 
we better describe the rotation, we neglect important part of the internal 
collective fluctuations. It is not clear, however, if a richer statistics would 
be able to better describe collective modes with higher rates, that seem to 
be important, even keeping the RMZII approximation. 
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